Abstract-A sampling theorem for regular sampling in shift invariant subspaces is established. The sufficient-necessary condition for which it holds is found. Then, the theorem is modified to the shift sampling in shiftinvariant subspaces by using the Zak transform. Finally, some examples are presented to show the generality of the theorem.
I. INTRODUCTION AND NOTATIONS
A fundamental question in signal processing is how to represent a signal in terms of a discrete sequence. Shannon's popular sampling theorem states that finite energy band-limited signals are completely characterized by their samples values. Realizing that the Shannon interpolating function sinc(t) = sin(t)=t is in fact a scaling function of an MRA, Walter [18] found a sampling theorem for a class of wavelet subspaces.
Suppose '(t) is a continuous orthonormal scaling function of an MRA fV m g m2Z such that j'(t)j O((1 + jtj) 010" ) for some " > 0. Let' 3 (!) = n '(n)e 0in! . Walter showed that there is an S(t) 2 V0 such that f(t) = n2Z f(n)S(t 0 n) (1) holds for any f(t) 2 V 0 if' 3 (!) 6 = 0. Following Walter's [18] work, Janssen [11] studied the shift sampling case by using the Zak-transform. Xia and Zhang [21] discussed the so-called sampling property (S(t) = '(t)). Walter [19] , Xia [20] , and Chen-Itoh [8] , [9] studied the more general case "oversampling." Chen et al. [5] , [7] , Chen and Itoh [6] , Liu [12] , and Liu and Walter [13] even studied irregular sampling in wavelet subspaces.
Furthermore, Aldroubi and Unser [1] - [3] , [15] studied the sampling procedure in shift invariant subspaces (see Section II). They established a more comprehensive sampling theory for shift-invariant subspaces. One of their important result states that when '(t) (2 L 2 (R)) is a generating function, the orthogonal projection g p (t) of a function g(t) 2 L 2 (R) on the shift-invariant subspace V 0 (') is given by
where f'(t 0 n)g n is the biorthogonal basis of f'(t 0 n)g n in V0('), and h1; 1i is the L 2 (R)-inner product. They then found that the '(t) can be replaced by an interpolating generating function S(t)
k' (! + 2k) 6 = 0, and the Fourier transform'(!) of '(t) satisfies j'(!)j O((1+j!j) 010" ) for some " > 0 (see [3, Prop 7] ). In fact, these constraints are related to those of Walter sampling theorem due to the fact k' (! + 2k) =' 3 (0!) in some sense (see the Appendix).
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Our purpose in this correspondence is to find a weaker constraint on the generating function '(t) such that a formula similar to (1) [or (2) with interpolating generating function S(t) instead of '(t)] holds for any function f(t) in the shift-invariant subspaces V 0 ('). In fact, we find a condition for (1) that is sufficient and necessary. In this way, we are able to remove the continuity and regularity constraints imposed on the generating function '(t) by Walter [18] or imposed on its Fourier transform'(!) by Aldroubi and Unser [3] . We also make a case to show the generality of our result in Section III. We now introduce some notations used in this correspondence. For a measurable subset E R, jEj denotes the measure of E. For a measurable function f(t), we write
is such that the sampling f'(n)g n makes sense and f'(n)g n 2 l
2 . Then, the series ] sense. Let us now consider the shift-invariant subspace sequence fVj(')gj generated by '(t) 1=2 , and'(!) is the Fourier transform of '(t) defined by'(!) = R '(t)e 0i!t dt. If '(t) satisfies (7), it is called a generating function (see [3] ).
Theorem 1: Suppose '(t) (2L 2 (R)) is a generating function such that the sampling f'(n)g n makes sense, and f'(n)g n 2 l
2 . Then, there is an S(t) 2 V0(') such that
holds in the L 2 (R) sense if and only if
holds. In this case,Ŝ(!) ='(!)=' 3 (!) holds for a.e. ! 2 R.
Proof:
Step 1-Sufficiency:
' 3 (!) 6 = 0 holds for a.e. ! 2 R, and there is a fc k g k 2 l
2 such that
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It is easy to see F (!) 2 L 2 (R) due to (7) . Hence, we can take the Fourier inverse of F (!) in L 2 (R) denoted by S(t), i.e., we derivê
or'
Take inverse Fourier transform on both sides of (11) and refer to (10)
Formula (13) implies S(t) 2 V 0 (') [due to the fact that f'(t0k)g k is a Riesz basis of V0(')]. For any f (t) 2 V0('), there is a fa k g k 2 l 2 such that f (t) = k a k '(t 0 k). Then
='
Therefore, f (t) = k f (k)S(t 0 k).
Step 2-Necessity: On the contrary, if there is an S(t) 2 V 0 (') such that (8) holds in the L 2 (R) sense, then
holds in the L 2 (R) sense. By taking the Fourier transform on both sides of (16), we obtain
Equation (17) implies that supp'(!) supp' 3 (!) holds for a.e. ! 2 R, i.e., supp'(! + 2k) supp' 3 (!) holds for all k 2 Z and for a.e. ! 2 R because' 3 (!) is 2 periodic. Meanwhile
holds except for a zero measure subset of R. Otherwise, there is a measurable subset with measure jj 6 = 0 such that
Then,'(! + 2k) = 0 holds for any ! 2 and for all k 2 Z. Hence
holds for any ! 2 . However, G'(!) 6 = 0 holds for a.e. ! 2 R. It forces (18) to hold for a.e. ! 2 R. Therefore
holds for a.e. ! 2 R, i.e.,' 3 (!) 6 = 0 for a.e. ! 2 R. Formula (17) is now rewritten to be' From (7) and (23) 1-3) . A related problem is the study of truncation error and aliasing error. We do not estimate them here and refer to Walter, Unser and Daubechies [16] and Chen and Itoh [8] , [9] .
As done by Janssen [11] for Walter's sampling theorem, Chen et al. [7] for the irregular sampling theorem, and Chen and Itoh [8] for the oversampling theorem, the shift-sampling theorem for shift-invariant subspace can be obtained by using the Zak transform. Suppose '(t) (2 L 2 (R)) is such that the sampling f'( + n)gn makes sense, and f'( + n)gn 2 l 2 for some 2 [0; 1). Then, the Zak transform it can be dealt with by the shift-sampling theorem (see Example 4) . We now present the shift-sampling theorem without proof (since it is very close to the previous). Theorem 2: Suppose '(t) (2 L 2 (R)) is a generating function such that the sampling f'(n+)g n makes sense, and f'(n+)g n 2 l 2 for some 2 [0; 1). Then, there is an S(t) 2 V0(') such that
holds. In this case,Ŝ(!) ='(!)=Z ' (; !) holds for a.e. ! 2 R.
III. SOME EXAMPLES
Since the Haar function is not continuous and Shannon's sinc function is not regular enough, they can not be covered by Walter's sampling theorem. Since the Fourier transform of the Haar function is not regular enough and the Fourier transform of the Shannon function is not continuous, they are covered by [3, prop. 7] , although we should note that there is no such restriction for the more general sampling theorems presented in Aldroubi and Unser's papers. Both functions are covered by our sampling theorem (see Examples 1 and 2).
Example 1: Haar function '(t) = [0; 1) . The piecewise continuity of '(t) implies that the sampling f'(n)g n makes sense.
1=' The following Example 4 (taken by Janssen [11] ) shows the usefulness of shift-sampling theorem. It is also very interesting to find some works on centered spline interpolating in Aldroubi et al. [4] and Unser et al. [14] . 
